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                \begin{document}$$\ge 1$$\end{document}$) context-free languages. For later notational convenience, we here write $\documentclass[12pt]{minimal}
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                \begin{document}$$L_d$$\end{document}$ can be expressed as an intersection of *d* context-free languages of the form $\documentclass[12pt]{minimal}
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                \begin{document}$$1\le k\le d$$\end{document}$). In 1973, Liu and Weiner \[[@CR8]\] gave a contrived proof to their key statement that (\*) $\documentclass[12pt]{minimal}
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                \begin{document}$$\{\mathrm {CFL}(d)\mid d\ge 1\}$$\end{document}$ truly forms an infinite hierarchy.

Deterministic context-free (dcf) languages have been a focal point in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {DCFL}[d]$$\end{document}$ respectively for the family of all *d*-intersection dcf languages and that of all *d*-union dcf languages, while Wotschke \[[@CR11], [@CR12]\] earlier referred $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {DCFL}[d]$$\end{document}$. For our convenience, we call two hierarchies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{\mathrm {DCFL}(d)\mid d\ge 1\}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Wotschke \[[@CR11], [@CR12]\] noted that the aforementioned result (\*) of Liu and Weiner leads to the conclusion that $\documentclass[12pt]{minimal}
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                \begin{document}$$L_d$$\end{document}$ belongs to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {DCFL}(d)$$\end{document}$, the statement (\*) implies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {DCFL}(d)\nsubseteq \mathrm {CFL}(d-1)$$\end{document}$, which instantly yields $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {DCFL}(d-1)\ne \mathrm {DCFL}(d)$$\end{document}$. Wotschke's argument, nonetheless, heavily relies on the separation result of Liu and Weiner, who employed a notion of *stratified semi-linear set* to prove the statement (\*). Notice that the proof technique of Liu and Weiner was developed only for a particular form of *bounded languages*[1](#Fn1){ref-type="fn"} and it is therefore applicable to specific languages, such as $\documentclass[12pt]{minimal}
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Because of the aforementioned limitation of Liu and Weiner's proof technique, the scope of their proof cannot be extended to other forms of languages. Simple examples of such languages include $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{1,2,\ldots ,d\}$$\end{document}$. This is a bounded language expanding $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_d$$\end{document}$ but its Parikh images do not have semi-linearity. As another example, let us take a look at a "non-palindrome" language $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$NPal^{\#}_{d} = \{w_1\# w_2\# \cdots \# w_d \# v_1\# v_2 \#\cdots \# v_d \mid \forall i\in [d](w_i,v_i\in \{0,1\}^*\wedge v_i\ne w_i^R)\}$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_i^R$$\end{document}$ expresses the *reversal* of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_i$$\end{document}$. This $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Overview of Main Contributions {#Sec3}
------------------------------

In Sect. [1.1](#Sec2){ref-type="sec"}, we have noted that fundamental properties associated with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {DCFL}(d)$$\end{document}$ heavily rely on the single separation result (\*) of Liu and Weiner. However, Liu and Weiner's technical tool that leads to their main result does not seem to withstand a wide variety of direct applications. It is thus desirable to develop a new, simple, and practical technical tool that can find numerous applications for a future study on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {DCFL}(d)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {DCFL}[d]$$\end{document}$. Thus, our main contribution of this exposition is to present a simple but powerful, practical technical tool, called the *pumping lemma* of languages in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {DCFL}[d]$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d\ge 1$$\end{document}$, which also enriches our understanding of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {DCFL}[d]$$\end{document}$ as well as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {DCFL}(d)$$\end{document}$. Notice that there have been numerous forms of so-called pumping lemmas (or iteration theorems) for variants of context-free languages in the past literature, e.g., \[[@CR2], [@CR4]--[@CR7], [@CR10], [@CR15]\]. Our pumping lemma is a crucial addition to the list of such lemmas.
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### Lemma 1 {#FPar1}
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### Theorem 1 {#FPar2}
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### Corollary 1 {#FPar3}

\[[@CR11], [@CR12]\] The intersection hierarchy of dcf languages and the union hierarchy of dcf languages are both infinite hierarchies.
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### Theorem 2 {#FPar4}
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As an immediate consequence of the above theorem, we obtain Wotschke's separation of $\documentclass[12pt]{minimal}
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### Corollary 2 {#FPar5}
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### Proposition 1 {#FPar6}
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The proofs of all the above assertions will be given after introducing necessary notions and notation in the subsequent section.

Preparations: Notions and Notation {#Sec4}
==================================

Fundamental Notions and Notation {#Sec5}
--------------------------------
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Deterministic Pushdown Automata {#Sec6}
-------------------------------

A *one-way deterministic pushdown automaton* (or a 1dpda, for short) *M* is a tuple $\documentclass[12pt]{minimal}
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### Lemma 2 {#FPar7}
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### Lemma 3 {#FPar8}
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From Lemma [3](#FPar8){ref-type="sec"}(1) follows Corollary [1](#FPar3){ref-type="sec"}, provided that Theorem [1](#FPar2){ref-type="sec"} is true. Theorem [1](#FPar2){ref-type="sec"} itself will be proven in Sect. [3](#Sec9){ref-type="sec"}.

Ideal Shape {#Sec7}
-----------

Let us recall from \[[@CR14]\] a special "pop-controlled form" (called an *ideal shape*), in which the pop operations always take place by first reading an input symbol and then making a series (one or more) of the pop operations without reading any further input symbol. This notion was originally introduced for *one-way probabilistic pushdown automata* (or 1ppda's); however, in this exposition, we apply this notion only to 1dpda's. To be more formal, a 1dpda *in an ideal shape* is a 1dpda restricted to take only the following transitions. (1) Scanning $\documentclass[12pt]{minimal}
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It was shown in \[[@CR14]\] that any 1ppda can be converted into its "error-equivalent" 1ppda in an ideal shape. In Lemma [4](#FPar9){ref-type="sec"}, we restate this result for 1dpda's. We say that two 1dpda's are *(computationally) equivalent* if, for any input *x*, their acceptance/rejection coincide. The *push size* of a 1ppda is the maximum length of any string pushed into a stack by any single move.

### Lemma 4 {#FPar9}

**(Ideal Shape Lemma for 1dpda's).** (cf. \[[@CR14]\]) Let $\documentclass[12pt]{minimal}
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Boundaries and Crossing State-Stack Pairs {#Sec8}
-----------------------------------------

We want to define two basic notions of boundaries and crossing state-stacks. For this purpose, we visualize a *single move* of a 1dpda *M* as three consecutive actions: (i) firstly replacing the topmost stack symbol, (ii) updating an inner state, and (iii) thirdly either moving a tape head or staying still.
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The *stack height* of *M* at boundary *t* is the length of the stack content while passing the boundary *t*. E.g., a stack content $\documentclass[12pt]{minimal}
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### Lemma 5 {#FPar10}
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### Lemma 6 {#FPar11}

Let *w* be any string.
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Proof Sketches of Three Separation Claims {#Sec9}
=========================================

We intend to present the proof sketches of three separation claims (Theorems [1](#FPar2){ref-type="sec"} and [2](#FPar4){ref-type="sec"} and Proposition [1](#FPar6){ref-type="sec"}) before verifying the pumping lemma. To understand our proofs better, we demonstrate a simple and easy example of how to apply Lemma [1](#FPar1){ref-type="sec"} to obtain a separation between $\documentclass[12pt]{minimal}
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Proof Sketch of the Pumping Lemma for DCFL\[*d*\] {#Sec10}
=================================================
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Hibbard \[[@CR3]\] actually defined a rewriting system, called "scan-limited automata." Later, Pighizzini and Pisoni \[[@CR9]\] re-formulated Hibbard's system as restricted linear automata.
